4.7. An elastic-plastic medium penetrated by a spherical particle

Consider another example of modelling the process of particle penetration into a plastic medium. The mathematical model of solid particle penetration was made by solving two boundary value problems successively. The first problem was solved for an undisturbed target with the application of the variational principle of virtual velocities and stresses. The penetration of a solid particle into a perfectly plastic medium was studied therewith. The phenomenological theory of fracture described in chapter 2 was applied, and this resulted in some corrections to the solution of the boundary value problem for a perfectly plastic medium, the corrections being entailed by a change in the mechanical properties of the target material in the region of intensive plastic flow and in the fracture zone. The second boundary value problem was solved with the use of the results obtained, and the effect of elastic waves initiated in the target by impact on the solid particle motion law was taken into account thereafter. It was assumed that, besides plastic properties (for shear strains), the target exhibits elastic compressibility. The stress tensor was determined by adding the stress deviator from the solution of the boundary value problem of perfect plasticity to the spherical tensor resulting from solving the second boundary value problem. This has offered a mathematical model of superdeep penetration of a solid particle into a disturbed elastic-plastic medium. 

Assume that, on impact, a target with a height 
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 made of a plastic material and clamped on a rigid base (fig. 40) is penetrated by a solid spherical particle of a small diameter 
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. Due to inertial forces, the spherical particle moves slowly in the target along the 
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-axis. The law of motion and the penetration depth are to be determined. Suppose that the target is made of a perfectly plastic material. At an instant of time 
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, the spherical particle (its mass centre) penetrates it to some depth 
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 and has a velocity 
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. The particle remains undeformed; on the whole, its motion obeys Newton’s second law. Around the moving particle there is a region of plastic flow localised near the particle; as the particle penetrates the plastic medium, this region becomes spherical, see fig. 41. The size of the plastic flow region (radius 
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) is varied and determined from solving the corresponding variational problem.

The particle motion law needs to be defined depending on the initial value of the kinetic energy of the moving solid particle of the plastic medium. 

The constitutive equations of the perfectly plastic medium and the basic functional are introduced.

Stresses in the plastic region satisfy the plasticity condition 
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According to this condition, the intensity of tangential stresses 
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  in shear. Plastic strain rates are related to stress deviator components 
[image: image13.wmf]ij

s

 as follows:


[image: image14.wmf](

)

ij

s

ij

s

H

t

=

x

2

.

[image: image333.png]vi



[image: image334.png]


[image: image335.wmf]0

R

[image: image336.png]


The relationships introduced relate the stress to the strain one in a plastic body in the regions with discontinuous stresses and velocities. On the boundary of the plastic region moving together with the particle these parameters suffer abrupt changes; relationships for strong discontinuity waves are involved here.

To calculate the stress-strain state in the general boundary value problem of developed flow, we apply the technique described in section 3.6.
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Let us consider the strain state of a plastic medium in the plastic flow region localised close to the moving particle and determine the boundaries of the region under study. In doing so, we suppose in the first approximation that the medium external to the intense flow region is still. The principal assumptions concerning the particle and medium motion scheme are as follows. It is supposed that the solid particle moving at a velocity 
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 and the plastic flow region localised around the particle are fixed to the convected spherical co-ordinate system 
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. The kinematically admissible scheme of a medium under plastic strain flowing over a solid spherical particle is shown in fig. 41.
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A specific feature of the motion kinematics of the “particle – intense plastic flow region” system under deformation is that the moving (in the reference system) boundary 
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 of the plastic flow region is the surface of the discontinuity of the tangential component of the velocity vector, i.e., the strong discontinuity surface. The normal component of the particle velocity vector in the medium under plastic strain is therewith continuous when passing the boundary 
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In the plastic flow region the medium flows all over the spherical particle. On the front surface of the particle 
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, and the spalling of the medium is possible. There are no tangential stresses in this case. 

The following assumptions are made for the kinematically admissible velocity field:
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The kinematic boundary conditions
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for the plastic flow region are matched by the following appropriate functions:
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where 
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 is a parameter to vary, which is connected with the position of the plastic zone boundary.

Note that all the further computations are made in terms of the MATLAB computer mathematics and that the references to the application of MATLAB are omitted.

The velocity field of a solid particle in the spherical co-ordinate system has the form
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Then we have the following relationships for calculating accelerations:
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Formulae for the determination of the strain rate tensor components in the spherical co-ordinates in view of the assumptions made above for the appropriate functions of the velocity field assume the form
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Computations give
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The intensity of shear strain rate is calculated as
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For the velocity field selected,
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Then
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In order to reveal the peculiarities of the relationship between 
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 and the particle co-ordinates in the plastic flow region, 
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 was visualised. The visualization of the dependence 
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The amount of shear strain for the particles of the medium under deformation in the region of intensive plastic flow is calculated as 
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The particle motion paths in the region of intensive plastic flow are determined as
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Integration gives the following result:
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It is necessary that shear strain acquired by the material particles of the medium when passing through the velocity jump surface 
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In view of the above-discussed peculiarities of the kinematically admissible velocity field, neglecting the distributed mass forces, we have the following functional of the principle of virtual velocities and stresses to solve the variational problem:

[image: image62.wmf],

I

dS

'

v

dS

'

v

d

v

w

d

v

w

d

'

J

i

i

S

R

r

s

S

o

R

r

s

'

i

i

'

i

i

o

s

o

o

o

o

å

ò

ò

ò

ò

ò

=

=

=

=

=

+

+

+

+

=

5

1

1

1

1

q

q

W

W

W

D

t

D

t

W

r

W

r

W

H

t

   (250)

where                          
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 is a jump of the tangential component of the velocity vector on the surfaces 
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 are the volumes of the plastic flow region and the solid spherical particle.

Recall that the acceleration components in Eq. (250) are not varied. In order to exclude the indefiniteness in the calculation of the integral 
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, in accordance with the kinematically admissible velocity field assumed, the acceleration components are represented in the form of the following functions:
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Here, as distinct from 
[image: image74.wmf]R

R

o

=

a

, 
[image: image75.wmf]R

R

*

*

=

a

, is not a parameter to be varied. It is assumed that 
[image: image76.wmf]*

a

 characterises the position of the actual boundary of the plastic flow region.

After computing the integrals
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involved in Eq. (250), the functional 
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 is represented as a nondimensional function of the varied parameter 
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where 
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When the densities of the medium under deformation 
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is fulfilled. It follows from the theorems discussed in chapter 3 that 
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on the state close to actual. It is also known that in the actual state 
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Thus, we have three equations to determine three unknown quantities involved in Eq. (251).

The set of equations obtained is solved by the method of successive approximations with the use of the iteration procedure.
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which offers a relationship to calculate the acceleration of a solid particle, namely,
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Having solved Eq. (254) with the initial conditions 
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As a test problem, we determine the way travelled by a solid particle 
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Phase trajectories of a spherical particle moving in a plastic material are constructed. For this purpose, the phase co-ordinates 
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Fig. 42. Phase trajectories of a solid particle implanted into the target
with the initial conditions 
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 m/s. The phase trajectories are shown in fig. 42. The path travelled by the particle is seen to be essentially dependent on the initial velocity. 

Plastic deformation is generally accompanied by damage accumulated in the medium being deformed. This may reduce the resistance of the medium to particle motion considerably and increase the particle motion path. Therefore, according to the phenomenological theory of fracture, it is reasonable to determine material damage accumulation in the plastic flow region, which is associated with particle motion. To make the phenomenological theory of fracture applicable, we introduce the statically admissible stress field. 

As the solid particle moves, the medium volume remains unchanged in the plastic zone, 
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The relationships in Eq. (256) acquire a simple form and a clear physical meaning after the intensity of shear strain rate is replaced by a close approximation, 
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Then, for the stress tensor, we have
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In compliance with the nature of the external loads acting on the spherical part (fig. 43), the mean normal stress 
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 associated with the plastic flow of the medium is presented as
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The stress field is statically admissible. It satisfies the equations of motion and the plasticity condition 
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Thus, the stress-strain state of the plastic flow region is determined. Table 3 exemplifies some values of the stress state index  
[image: image129.wmf]s

k

t

s

=

 in different zones of the plastic flow region for the test problem solved above. 

Table 3

Values of the stress state index 
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 in the plastic flow region calculated at different values of the angular co-ordinate 
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Strain intensity is high in the plastic flow region 
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 (fig. 41). The most intensive accumulation of damage 
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 is possible here. When solving the boundary value problem of mechanics, we use the following condition: when the mean normal stresses 
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 take positive values (tensile stresses) in some region of a medium under deformation and 
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 reaches one there, the shear yield stress of the medium becomes zero in this region, i. e. the following condition is fulfilled:
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After the introduction of the unit indicator function 
[image: image144.wmf]*

U

 according to Eq. (260), the quantity 
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 involved in Eq. (260) is replaced by the quantity 
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The amount of strain accumulated by the material particles of the medium moving in the plastic zone is determined according to Eq. (249).
The mathematical model is complemented by the diagram of plasticity the target material 
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The analysis of Eq. (249) has shown that 
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, consequently, a zone rich in target material continuity defects is bound to appear around the moving particle. The zone boundaries are determined from the condition 
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. The general view of the fracture zone boundary is shown in fig. 44.

Consider now the stress-strain state of the elastic medium surrounding the plastic flow region. (It is assumed here that the plastic flow region is too small to have any tangible effect on the results of solving the elastic problem.) We suppose that the disturbance of the elastic-plastic medium preceding solid particle penetration is associated with the propagation of elastic waves in it. The target parameters are selected so that, under conditions of free vibrations, a standing wave with an invariant phase is generated in the target, the amplitude being time-variant. 

In the 
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 reference system, for a plane standing wave, the displacements of material particles can be determined as 
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They satisfy the wave equation 
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and the boundary conditions 
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where с is the plane elastic wave propagation speed, 
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 is the elastic modulus, 
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 is the Poisson ratio, 
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 denotes the eigenfrequencies of the plate vibrations.

The strain tensor components have the form 
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The elastic stress tensor components are defined as
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Proceeding from Eq. (261), the mean normal stress associated with the elastic vibrations of the medium are defined as
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Fig. 44. Fracture zone formation
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The sum of stresses calculated by Eqs (259) and (262) is taken as a design value of the mean normal stress in the plastic flow region. Eventually, to calculate mean normal stresses in the plastic region, we have
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On the basis of the results obtained, an algorithm for solving the problem on the definition of the law of motion of a solid particle after penetration into a target with an elastic wave first generated in it has been developed. According to the algorithm proposed, with the use of Eqs (251) and (253), the size of the plastic flow zone (parameter 
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) is determined from solving the variational problem. Then the position of the fracture zone boundary lying in the region of intensive plastic flow of the target material is determined. The variational problem is again solved with the use of Eq. (260), the parameter 
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 of the plastic flow region. The parameter 
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 involved in the differential equation (254) is determined with the use of Eqs (252) and (253). The repeated application of Eqs (255) to (257) and Eqs (259) to (263) enables the stresses prevailing on the boundaries 
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 to be determined completely and integrated over the surfaces, and allows the external forces affecting the spherical particle under study to be projected onto the 
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-axis of the reference system.

After all the forces acting on the moving solid spherical particle have been determined, Eq. (255) is amended to become 


[image: image174.wmf](

)

(

)

t

f

R

q

dt

z

d

e

s

+

-

=

*

1

2

2

4

3

3

r

t






(264)

where 
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 is a function allowing for the influence of the shock wave on the law of particle motion.

The final step in simulating the penetration of a solid particle into an elastic-plastic medium is to integrate the differential equation (264). 

For the computer simulation of the process of superdeep penetration of a solid particle into an elastic-plastic target, an imitation model, fairly simple for numerical realization, was constructed according to the algorithm described. The method of object-oriented visual programming was applied. The programming was effected in the Visual Studio environment, with the use of the MATLAB + Simulink computer mathematics system. 
4.8. Thin plate perforation by a flying ball


Consider another simple problem on impact deformation and fracture, namely, thin circular plate perforation by a rigid ball.

Assume that a rigid ball of mass 
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 and radius 
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 flying at a constant velocity 
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 impinges on the centre of a thin circular plate of thickness 
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 and radius 
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, fig. 45 a. The plate is clamped around the periphery. On the right of the plate there is a medium resisting the plate motion. One needs to calculate the stress-strain state and damage of the plate, to predict the instant and site fracture, and other parameters accompanying impact.
The problem will be stated and solved approximately in the convected Lagrangian co-ordinate. The Cartesian system 
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 is selected as the Eulerian co-ordinate system. At the initial instant the Lagrangian system coincides with the cylindric co-ordinate system 
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 with the origin lying in the plate centre. For the sake of simplicity, the following assumptions are made: the plate radius far exceeds the plate thickness, which remains the same throughout the deformation, all the stress-strain parameters being invariant through the whole plate thickness. In this case, radial and axial strains are negligible at high ball velocities. The metric tensor for the Lagrangian co-ordinate system may be considered approximately equal to the metric tensor of the cylindric co-ordinate system.
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Fig. 45. A chart to the problem on the deformation and fracture of a thin plate impacted by a ball flying at a velocity 
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Let us now formulate the boundary conditions. The plate is clamped around the periphery,
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On the right of the plate there is a medium exhibiting resistance to the motion of the right surface of the plate. Assume that the interaction between the plate and the medium is expressible in the form of a function relating the surface stress to the velocity of the boundary points,
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This dependence is assumed to have the form 
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where 
[image: image190.wmf]k

 is a known coefficient. 

The left surface of the plate being deformed, except the ball-plate contact area, is free from surface stresses. The concentrated force of impinging ball action operates in the plate centre. 

Let us consider that the plate material is isotropic, that the stress deviators and strain rate deviators are similar. Suppose also that this material is incompressible, rigid-plastic, and that it suffers developed plastic deformations, so that elastic deformations can be neglected. These suppositions are matched by the following constitutive equations for the deviatoric part:
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where 
[image: image193.wmf]m

 is viscosity, a known material constant.

To simplify the problem, we resort to the assumption that the plate perforated by a rigid ball is very thin. In this connection the stressing on the right surface of the plate, which is predetermined by the resistance of the medium, may qualify as mass force, 
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And this makes the problem one-dimensional.

Let us make some other assumptions simplifying the problem solution. Assume that, starting from the instant 
[image: image196.wmf]0

t

 (see fig. 45), which is the instant of the process onset, there is sticking of some part of the ball surface to the plate surface. The sticking part is assumed to be rigid.

Let us solve the problem stated in the previous section by the method presented in section 3.6. For the problem under study, the functional of the principle of virtual velocities and stresses has the form
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where 
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 is the radius of the rigid sticking zone; 
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 – ball action force.

At an arbitrary instant we seek an extremum on the following class of virtual states. The virtual velocity field is selected as
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where 
[image: image201.wmf]a

,
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 are the parameters to be varied at each instance, or, in general terms, the time functions to be found. Assuming this form of the virtual velocity field, we satisfy the condition of peripheral plate clamping approximately; however, it will be shown in what follows that the error of this approximation can be made as small as is wished due to the initial conditions selected. The preanalysis has shown that, with the parameters assumed in this section, the ball radius 
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 can be taken as the sticking zone radius for the virtual field expressed by Eq. (271).

The only zero component of the strain rate tensor is
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Then the shear strain rate intensity becomes
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Turn to the virtual stress field. As the radial and axial strains are considered to be negligible, 
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 is assumed to be the only zero component of the stress tensor. Then the virtual value of 
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where 
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 are the actual values of acceleration and velocity. Integrating Eq. (274), we arrive at
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where 
[image: image210.wmf]c

 is another quantity to be varied, a time function. In terms of the assumptions made, the intensity of tangential stresses becomes
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Thus, at an arbitrary instant, we have three parameters to be varied, 
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, which determine the virtual state. As in the preceding section, the extremum of the functional at a fixed point in time is sought by the Ritz method. When the necessary conditions of the extremum of the functional (270),

[image: image213.wmf]0

0

0

=

¶

¶

=

¶

¶

=

¶

¶

c

J

,

a

J

,

v

J

,





(277)

after differentiating with respect to the parameters 
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, have the value of acceleration 
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substituted in them, we arrive at the following set of equations:
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Equations (279) and (280) make a set of two ordinary differential first-order equations with respect to the functions 
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. Solving this set, one determines the strain state of the plate on the time interval between 
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 to the instant of fracture. Equation (281) is algebraic. It enables one to find the values of 
[image: image224.wmf])

t

(

c

c

=

 at each instant 
[image: image225.wmf]t

 from the known 
[image: image226.wmf])

t

(

v

v

=

 and 
[image: image227.wmf])

t

(

a

a

=

 and, in view of Eq. (275), to determine the stress state over the whole period of deformation to rupture.

Turn now to the specification of the initial conditions 
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 required to solve the differential equations. The point in time at which the ball crosses the plane 
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 completely is taken as the initial instant, see fig. 45 b. Consider that the whole momentum of the ball 
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 been transferred to the ball–plate system, and that the ball thereafter moves together with the plate up to the instant of fracture. It follows from the condition of momentum conservation that
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One more equation is required to determine 
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. The condition of small but known displacement of the plate boundary by the instant 
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The value of 
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 is determined from Eq. (282) by the value of 
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Thus, we have the set of equations and the initial conditions enabling the stress-strain state to be calculated.

In parallel with solving the set of equations (279) to (281), one can predict material damage at point of the plate. For the stress state selected, its indices introduced in section 1.1 are constant at each point of the plate, at any instant of deformation, and they have the following values: 
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. As the deformation of each particle is monotonic, damage can be determined from solving the differential equation 
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In view of the fact that 
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The solution of the set of equations (279) to (281) and the prediction of damage are effected up to the instant of plate fracture. 

Calculations were made for the following parameters of the process of steel ball impact on a steel plate: 
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For the parameters assumed, at the initial ball velocity 
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, no plate perforation occurs. The calculation results are presented in figs 46 to 49. In all the cases, fracture occurs around the circumference 
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. Figure 46 shows the instant of fracture as dependent on the ball velocity. The pre-fracture time decreases as the impact velocity increases. Figure 47 shows ball velocity at the instant of fracture 
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 as dependent on the initial ball velocity. Increasing metal damage at the site of future rupture for the initial ball velocity 
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 is shown in Fig. 48. Figure 49 shows predicted values of the departure of the plate boundary from the initial position that has occurred by the instant of fracture. In other words, the error in the fulfillment of the boundary clamping condition is demonstrated. It is obvious from the figure that the error is two orders of magnitude less than the plate thickness. 

4.9. A plane solution to the plate perforation problem 


In the previous section, in solving the problem on plate perforation by a ball, the boundary conditions expressed by Eqs (266) and (267) were treated as an equation for mass forces. In this section the principle of virtual velocities and stresses is formulated in view of these boundary conditions, and this enables the same problem to be solved in terms of the plane statement.
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Consider the following boundary value problem of the theory of plastic flow. To find: the values of the velocity vector and stress tensor components at some point in time at each point of the body 
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 under deformation that would satisfy the equations of motion (116), the kinematic equations (115), the constitutive equations (124) and the boundary conditions. Assume that the boundary conditions are as in Eq. (86 a), and that on some part of the surface the following conditions are specified:
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The boundary value problem is in this case equivalent to the variational equation
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which represents the principle of virtual velocities and stresses for the instance of the boundary conditions as in Eq. (286). All the basic theorems of the principle will assert. The friction law represented by Eq. (86 b) can be viewed as a particular case of the boundary conditions written by Eq. (286). In this case, the variational principle presented in Eq. (287) takes the known form of Eqs (117), (118) and (131).

Consider now solving the problem described in section 4.7 with the application of the variational principle (287). Thus, we take into consideration the boundary conditions written by Eqs (266) and (267) explicitly, through solving a plane problem. We consider that the parameters of the stress-strain state depend on the co-ordinate 
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where 
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 is the concentrated force exerted on the plate by the ball.

We set the virtual velocity field as
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where 
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 are parameters to be varied at each instant, or, in general terms, the required time functions. Two strain rate tensor components are nonzero,
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The incompressibility condition is not fulfilled In this case. However, the volumetric strain is considered to be insignificant, and it is not taken into account in Eq. (288).

The intensity of shear strain rates becomes
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The virtual field is assumed to be also determined by two nonzero stress tensor components – 
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This enables the boundary condition on the load-free surface 
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 to be fulfilled. In terms of the assumptions made, the equations of motion have the form
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where 
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 is the actual value of acceleration. By integrating the second equation of motion (293) with respect to 
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where 
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 is an arbitrary function independent of 
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. We determine it from the first equation (293) as
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In Eqs (292) and (295) 
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 are quantities to be varied, functions of time. The intensity of tangential stresses is represented as
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Thus, at an arbitrary point in time, we have five parameters to be varied – 
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 determining the virtual stress-strain state of the plate. As before, the functional extremum at a fixed instant is determined by the Ritz method. Substituting into the necessary extremum conditions of the functional (288) 
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after differentiation, the values of acceleration 
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And concentrated force
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we arrive at a set of two groups of equations,
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The first group is a set of three linear ordinary differential equations with respect to the functions 
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The second group consists of two algebraic equations determining the values of the parameters 
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 found. Thus, the set of equations obtained allows a change in the stress-strain state of the plate prior to fracture to be determined.

In parallel with the determination of the stress-strain state, one can predict material damage at each point of the plate. The value of damage, as in section 3.1, is found from Eq. (285), the function (183) used in section 4.1 being taken as 
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The stress-strain state and damage of the material were calculated with the same process parameters as in section 4.7. The calculation results are presented in figs 50 to 53. Figure 50 shows the value of the instant of fracture as dependent on ball velocity. Figure 51 depicts ball velocity at the instant of fracture 
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 as dependent on the initial ball velocity. Compared with figs 46 and 47, these dependences show that the ultimate value of damage is reached sooner in plane calculations. The comparison between the error shown in fig. 52 and that shown in fig. 49 demonstrates that the error in the fulfilment of the plate clamping condition is lower in the plane solution. 

The study of the calculation results shows that the one-dimensional solution fails to offer a qualitative estimation of the effect the properties of the medium adjacent to the plate exert on deformation and fracture. The plane solution offers this estimation. Figure 53 shows plate centre displacement with time prior to fracture at the initial ball velocity 
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 for different values of the coefficient 
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 in Eq. (267). The analysis of the results testifies that, as the absolute value of the coefficient grows, the duration of deformation to before fracture increases, whereas the plate deflection and ball velocity at the instant of fracture decrease.

The calculations suggest that the variational principle of virtual velocities and stresses represented by Eq. (287) enables one to solve problems with boundary conditions like in Eq. (286). The solution made with the application of this principle seems to be more adequate than the one-dimensional one.
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Fig. 53. Plane solution. The motion of the plate centre
prior to rupture: 1 – one-dimensional solution,
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Рис. 40. Solid particle motion in the perfectly plastic medium
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Рис. 41. The plastic flow region emerging around the moving particle; � EMBED Equation.3  ��� is the radius of the plastic flow region
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Fig. 43. External forces acting on the particle
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Fig. 46. The instant of plate fracture �EMBED Equation.3��� as dependent on the initial velocity of the ball �EMBED Equation.3���.
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Fig. 47. Ball velocity at the instant of fracture, 


�EMBED Equation.3���, as dependent on the initial velocity �EMBED Equation.3���








Fig. 48. Accumulation of material damage � EMBED Equation.3  ��� at the site of the future rupture.
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Fig. 49. The error in the fulfillment of the plate clamping condition, �EMBED Equation.3���, at the instant of fracture
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Fig. 50. Plane solution. The instant of plate rupture �EMBED Equation.3��� as dependent on the initial ball velocity �EMBED Equation.3���.
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Fig. 51. Plane solution. Ball velocity at the instant of fracture �EMBED Equation.3��� as dependent on the initial velocity �EMBED Equation.3���
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Fig. 52. Plane solution. The error in the fulfillment the plate clamping condition �EMBED Equation.3���at the instant of rupture











� The solution was made by A.G. Zalazinsky and E.A. Zalazinskaya with the participation of V.L. Kolmogorov 


�  The problems in sections 4.8 and 4.9 were solved by V. P. Fedotov and L. F. Spevak with the participation of the author 
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